Factor the following polynomials.

a) Sx-— 10 5(x-2) b) 18x+ 24y — 12z _6(3x +4y-2z)
¢} 4x? + 6x 2x(2x + 3) dl 12x 4+ %2 — 5% x(12 + x - 5x2)
e) 12a%b + 18a2b>_6a*b(2 + 3b) ) —3x* 4 6x3 — Ox2 _-3x%(x? - 2x + 3)
g) a’+ab+a___afa+tb+1) h) x* — 23y — &2 X x? - xy - 1)

i} 24x%y? — 16273 + 28x3y* 4%v?(6x - dy + 7xv?) |} 21o3y2z — 14x2y322 + 28x2y222 7x%v2(3x - 2y + 42)

Factor the following polynomials.

a) 12x3 — 16x2 4x*(3x -4) b) 6x2y’ + 4xdy? 2x2y%(3y + 2x)
4 18x2y3z4 — 12xy4z3 6xy323(3xz - 2y) d) 12%23/3 ol ]8’633/2 e 24962 2 6x%y?(2y - 3x + 4)
e) —14x% 4 2152 — Tx “7x(2x* - 3x+ 1) ) _25m%3 4 50m3nt —25mnd(m - 2n)

g) 2x(x+ 1) + 3ylx + 1)_{x + 1)(2x + 3y) h} 2(x — 3) —x(x — 3) (x-3)(2-x)

Factor the following polynomials.
a) x(x+2)+5x+2) _(x+2)(x+5) -
¢) alb+c)—db+c) _(brcNa-d) 3 —3) 433 —y) B9+
e} (x+3)x+2)+{x+3Hx— 1)&xr32x+ 1D £} (x4 y)Mx—2) — (x+y)2x — 3) X +y)x+1)
o) (+yP+xluty) CroME ey ) o) byt y) 2oy

i s 2) _x(x_ 2) (x-2)3 - x)

(23
Pt

3(

£
et

| Factor the following polynomials.
a) xlx—1)—=3(1 —x) _(x-1x+3) b) xlx+3)+ 2(—x —3) _(x+3)x-2)
SO RGBS R I Ll (S d) (2x+ 1)(2x— 1)+ (1 — 2x)2 _9x(2x-1)

e) (2x + 3y)x +y) + (4x + 6y)x —y) __(2x + 3v)8x-y)
) (x+ 1)2x+6) — (x — 2)(3x + 9) (x + 3)(~x + 8)

ACTIVITY 7 Factoring by grouping

a) The sum ac + ad + bc + bd is composed of 4 terms. Each term is the product of two factors.
Can we find a common factor to all 4 of these terms? _Ne
b} Justify the steps which enable you to factor the sum ac + ad + be + bd.

ac + ad + bec + bd = (ac + (ld) + (be + bd) Addition is associative
alc + d) + blc + d) Remove the common factor

| = (¢c+ d)a + b) Remove the common factor

¢} The rectangle on the right has an area of A = 6x? + 4x + 9xy + 6y.

What could the dimensions of this rectangle be?
(6x2 + 4dx) + (Ixy + 6y) = 2x(3x + 2) + 3y(3x + 2)

1 = (3x + 2)(Zx + 3Y)
‘ The dimensions of the rectangle could be (3x + 2) and (2x + 3y).

A =6x%+ 4x + 9xy + By ?

7
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FACTORING BY GROUPING

Factoring by grouping is a method which enables you to factor polynomials by grouping the
terms which contain a common factor.

You then remove the common factor in each of the groupings:

ac + ad + bc + bd = (ac + ad) + (bc + bd)
=alc+d) + blc + d)
= (et dilasb).

Ex.: Factor the following expression using factoring by grouping.

P(x) = 9x% — 12xy? + 6xy — 8> ¢ Group the terms containing a common factor.

= 3x(3x ~ 4y?) + 2y(3x — 4y) ¢ Remove the common factor in each grouping.

= (3x — 49%)(3x + 2y) ¢ Remove the common factor a 2nd time.

Factor the following polynomials.
a) x>+ Sxy + 3x + 15y _ (x +3)x + 5y) b) 2x? 4+ 3xy — 10x — 15y &~ 32x + 3y)
¢) 6a> —15a + 2ab —5b Ba+PN2a-5) ) 62 _ 8y Oxy 4 122 _(2x-39)(3x-4)

e) 10xy +2x+ 15y + 3 (2x + 3)(5y + 1) f) B -2 tx—1 (x2 +1)(x-1)
7. Factor the following polynomials.

a) 2x%y + 3x% + 10y + 15 (% + 5)(2y + 3)

b) 15x%? + 35x%2 — 9x2 — 21 (3x% + 7)(5x%y* - 3)

€) 23 + duly — 2x% — 4xy 2x(x - 1)(x + 2y)

d) 3x3y — 9x% + 6x%y — 18x2 3x(x + 2)(y - 3)

e) 30x%y — 10x3y? + 15x3y — Sx2y?_ 5x%y(2x + 1)(3x - y)

) 2x* — 2% + 6x2 — 6x 2x(x? + 3)(x - 1)

£. Factor the following polynomials.

a) ax —ay+bx—by+ ox —cy (a+b+c)x-y)
b) 6ax — 3ay + 10bx — 5by — 4x + 2y (96« sb~Zl2x~p)
¢} a® — 2ab + ac? — a?b + 2b% — b + a’c — 2bc+ 3 (¥ =2b+cF)a-b +¢)
@} ab(xz £l yZ) ™ xy(az s bZ) (ax - by)(bx - ay)
= Guérin, éditeur ltée 1.4 Factoring a polynomial 17




M\CTIVITY 2 Difference of squares

The following remarkable identity enables you to factor a difference of squares.

Product of a sum by a Difference of
difference squares

| a) Factor the following differences of squares.

expand

(a+blla=b) = a®> — b?
> 7

factor

1. x2 — 25 (x + 5)(x - 5)

2. 4x2 — 93/2 (2x + 3y)(2x - 3y)

L (x +47)(x - 47

4, %2+ 9 (3 +x)(3 -x)

5, (3x AL 1) 42 [(3x + 1) + 2x][(3x + 1) - 2x] = (5x + I)(x + 1)

b) The rectangle on the right has an area of A = 16x%2 — 9. What could be the
possible dimensions of this rectangle? A=16x2-9 |?
(dx + 3) and (4x - 3)

DIFFERENCE OF SQUARES

* A difference of squares is an algebraic expression of the form a2 — b2.
* Every difference of squares is factorable. You simply need to apply the remarkable identity:
a? — b* = (a+ b)(a - b)

Hx " Hactor:

o 9x? — 4y = (3x)2 — (2y)? ¢ Write in the form a? — b2
= (3x + 2y)(3x — 2y) <« Apply the remarkable identity.
s Oy 112 36-—(Jx 117 62
{22 1) 6] )]
= (2x + 7)(2x —5)
® (3x4+5)2—(2x+ 12 =[(3x + 5) + (2x + 1)][{3x + 5) — (2x + 1]
= (5x + 6)(x + 4)
* A sum of squares is not factorable.

Factor the following differences of squares.

a) x2 — 25 {(x + 5)(x-5) %} 16x2 — 9 (4x + 3)(4x - 3)

) 49x2 — 36y2 _(7x + 6y)7x - 6y) d) 36t — 2540 (6% + 5y3)(6x7 - 5y

§ 100-52___(10+010-2 05y 5353

g) x2-3 (x +43](x - 43) h) «2—1 (x + 1)(x - 1)

0 o16x2 -1 [4x+ J[4x-§J i) _x2y4 _ 4.6 [%xy2+§_z3][%xy2 —223’
) 16 9
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% 0. Factor the following differences of squares.

a) Bx—12-9 (3x + 2)(3x - 4) b) (x+1)2-4 (x + 3)(x-1)
¢) (2x +5)% — 16«2 (6x + 5)(-2x + 5) d) 25x% — (2x — 5)? (7x - 5)(3x + 5)
e) 16x% — (3x + 2)? (7x+2)(x-2)  f) 36x* — (2 —x)? (5x + 2)(7x - 2)
g) (x+ 32 — (2x 4 52 _(Bx + 8)x-2) h) (3x — 5y)% — (2x — 3y)? (5% - 8v)x - 2y)
i) 4x+5P7-1 (2x + 11)(2x +9) i) 250(x — 3)2 — 9(2x + 1)? (11x-12)(x - 18)

ACTIVITY 4} Perfect square trinoym“ials

The following remarkable identities enable you to factor a perfect square trinomial.
expand

S /—-\
fuare e s (a +b)? =a?+ 2ab+ b?
S Perfect square
(a — b)? =a? — 2ab + b?
v
Square of a
difference

factor
a) Use the remarkable identities to factor the following perfect square trinomials.

1. 2 +6x+9_ x*3F 2. &~ 8x+ 16 pa= 1
3. 4x% + 20x + 25_(2x+ 5P 4, 9x2 — 12xy + 42 (Bx-20F -
b) The square on the right has an area of A = 9x2 — 12x + 4.
What is the length of each side? 3x-2 N T

¢) 1. Explain why 4x? + 13x + 9 isnot a prefect square trinomial.
4x2 = (2x)%; 9 = (3)? but 13x + 2(2x)(3)

2. Explain why 9x2 + 30x + 25 is a perfect square trinomial and factor it. ?
9x2 = (3x)?; 25 = (5)? and 30x = 2(3x)(5). 9x2 + 30x + 25 = (3x + 5)%.

PERFECT SQUARE TRINOMIALS

o A perfect square trinomial is an algebraic expression of the form a2 + 2ab + b* or a? — 2ab + b*.
A trinomial is a perfect square when the middle term is equal to twice the product of the
square roots of the end terms.

» Every perfect square trinomial is factorable. You simply need to apply one of the remarkable
identities below, depending on the sign of the middle term.

\ \i “ \‘ l‘ u\ \‘ .\ \\ ~\ \\ .\ x\ .\ \\ a\ NN R S R N R R N R Al R R R R L

a? + 2ab + b2 = (a + b)? or a2 — 2ab + b? = (a — b)?
Ex.; Factor:
o 4x2 4 12% + 9 = (2x)2 + 2(2%)(3) + 32« We write in the form: a* + 2ab + b
= (2x + 3)? ¢ We apply the remarkable identity.
o A2 — 12x 4 9 = (2%)2 — 2(2x)(3) + 32 ¢ We write in the form: a® — 2ab + b
= (2x — 3)? ¢ We apply the remarkable identity.
[
e
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4 1. Factor the following perfect square trinomials.

a) x?+ 10x+ 25 (x +5) b} % — 14x+ 49 (x-77
¢} 4x2 4 12xy + 9y2 (2x + 3y)? d) 25x% — 20xy + 4y? (5x - 2y)?
e} Ox* — 30x% + 25 (3x% - 57 £) 25xt + 30033 + 9O (5x2 + 3y3)?
2 3 2 2,
g) xz—x+% {X-E] h) %x2+x—|—% [Z’“f?}
12. Explain why the following trinomials are not perfect squares.
a) 4x2 4+ 6x + 9 6x#+ 2 x2xx 3 7 %} 452 +12% — 9 The term -9 is negative.

<) _4x2 4+ 12x + 9 Theterm -4x? is negative. d) Ox2 — 15x + 25 15x # 2x3xx5

13%. Complete the trinomials to obtain perfect square trinomials and factor them.

a) 2 +[6x]+9 __ x+3F b) 4x? —[12x]+9  (2x-3F
) 9x? +30x +[ 25 ] (Bx+5P d) [25¢] + 20x + 4 (5x + 2)?
e) 4x? —28x+[ 49| (2x-7F f) [92]—6x+ 1 (3x - 1)
1)? 712
2,2 1 il 2 49 =
g}x+§x+ [ 3] _ §¥§x—+—4— ( 2]

Complete the factoring of the trinomials of the form a2 -+ bx + ¢ (the coefficient of x? is equal
to 1).

a) 24Txt+l2=fx *3)x 4 ) b) 2-Tx+10=k 2 Jx_ "2 )
Q) o2 +2x—15={x +5 V(x —3 ) d) x?—5x—14=(x 2 Y (x_ 7 )
& b My L AR o B Y 26 o) o ff £ L3l

g) 2—8x-33=(x_"1)x *3 ) h o 49 — B3 = P2 Ve =7 )

x

ACTIVITY S Second degre trinomials axt + bx + ¢

a) The rectangle on the right has an area of A =x%+ 10x + 16.

: - ?
1. Explain why x> + 10x + 16 is not a perfect square trinomial. ho=g e D

10 x # 2(x)(4)

> Find a method for factoring this trinomial. What could be the possible
dimensions of this rectangle?
2 + 10x + 16 = (x + 2)(x + 8). Possible dimensions: (x + 2) and (x + 8)

b) The trinomial 2x* + 9x + 20 isnot a perfect square. Find a method for factoring this trinomial
and factor it.
2x2 + 9x + 10 = 2x% + 4x + 5x + 10

= 2x(x + 2) + 5(x + 2)

=(x + 2)(2x + 5)

20 Chapter 1 Algebraic Expressions © Guérin, éditeur ltée
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SECOND DEGREE TRINOMIALS: ax? + bx + ¢

¢ The “product and sum” method enables you to factor a second degree trinomial.
Let us illustrate this method by factoring P(x) = 2x? + 7x + 6.

1. Identify the coefficients a, b and ¢:

2. Find two integers m and n such that

m-n
m+n =b «— middle coefficient.

and factor by grouping.

= ac « product of the end coefficients

3. Write: ax? + bx +c=ax* + mx + nx + ¢

1. a

2.{

=Fh="714=08

mn =12
mt+n=7

m=4 n=23

7

3. 2024+ 7x+6 =2x* +4x+3x + 6
= 2x(x + 2) + 3(x + 2)
= (x + 2){2x + 3}

3} 2x2 + 9x + 4 (2x + 1)(x + 4)

¢) 4x? — 5x— 21 _(4x+7)(x~3)

e} 12x2 + 13x + 3_(3x + 1)(4x + 3)
g) 6x2 + 11x — 10 (3x-2)2x +5)

i) a2+ 10x+24 (x+6)x+4)

Factor the following trinomials.

a) a2 — 10x+21 _(x=3)x-7)

Q) 2 —Tx412 __(x-3)x-4)

e) 22 4 Tx+3 _ (Zx+1)x+3)

g§§ 6x2+x_2 (2x - 1)(3x + 2)

17 . Factor the following trinomials.

gg} x2+8x+15 (x + 3)(x + 5)

¢) x%+5x— 14 (x +7)x-2)

e) 6x2+ 19x 4+ 15 _(2x +3)(3x + 5)

§§ 3502 —x — 4 (3x - 4)(x + 1)

MAeriyiry © Multi-step factoring

a) 2x® — 18x = 2xlx* — 9)

b)
)

O

f

T
Vgt gt

Explain the steps in factoring the following polynomials.

T 5. Factor the following trinomials using the “product and sum” method.

6x2 — 19x + 10 __(3x-2)(2x - 5)
5x2 —32x — 21 (5x+3)x-7)
16x% — 26x + 3 _ (8x-1)(2x - 3)
8x2 4+ 2o — 15 (2x + 3)(4x - 5)
x5 Ll 430 (x - 6)(x - 5)
x2 — 5x — 14 (x-7)x +2)
%" — G 4 200 (x=5)x-4)
3x2+ S5x —2 (3x-1)(x +2)

10x2 — 19x + 6

x* — 8x + 15

(5x - 2)(2x - 3)

(x - 3)(x~-35)

x>+ 9%+ 14

(x+7){x+2)

2x% — 7x — 15

(2x + 3)(x - 5)

S5x2 — 17x + 6

(5x - 2)(x - 3)

Remove the common factor

= 2x(x + 3)x — 3)

Difference of two squares

© Guérin, éditeur ltée
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Ax? o x4 1) Remove the common factor

b) 125 — 12x% + 3x = 3x{ Ei
= 3x(2x — 1)2 Perfect square trinomial
<) Ay — 4x2 — Sx = dx(x? — x — 2)##_Jemove the common factor
= 4x(x + Dix — ) Non-perfect square trinomial
d) Xt — 16 = (xz 4 4)(x2 _ 4) ; lﬁfference of two squares
\ ‘ 1 % (xz + 4)(x + 2)x — 2 Difference of two squares
e) xt — 82 + 16 = (x2 — 4)?  Perfect square trinomial
| — [+ 2)x — 22 Difference of two squares
= (x 4+ 2)%x — 2)2 Property (ab)? = a?b?
MULTI-STEP FACTORING
Many steps are sometimes necessary to completely factor a polynomial.
Ex.: 223 — 18x = 2x(x? — 9) ¢ remove the common factor

— 2xlx + 3)x — 3) .« difference of squares

| Ax(2x + 3) + 4% — 9 = 4x(2x + 3 (2 302 =3). & difference of squares
1 — (2 + 3)[4x + (2x = 3}] « remove the common factor
= (2x + 3){6x — 3) « reduce
= (2x 1+ 3)3(2x — 1) & remove the common factor
— 32+ 3UZx — 1) & commutative property of
multiplication

. Completely factor the following polynomials.
a) X +3x+2x= _x(x + 1)(x + 2)

? b) s i pes | Mo 1P
| ¢ of = lfp=y M EeD
i d) x4+ 22+ 1= (x+1Px-1F
i & -l=___ 6+ Derde-T) B
) Gd B i Bp=, B lExtD) " e
| b) 33 — 12x = 3x(x + 2)(x - 2)

) l6x' —8x2+ 1= (2x + 12 - (2x - 1)

d) > +6x—-9= p Lk A ————

&) b2 —1)+lx—1)2=_2cx-1 _

The prism on the right has a volume of V = 2x3 + 6x + 4x.

What could the dimensions of this prism be?
253 + 6x2 + dx = 2x(x% + 3x + 2)
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21. Theareaofa rectangle is expressed by the polynomial A(x) = 6x2 + 17x ~ 12. What could be
the perimeter of this rectangle?

Perimeter: 10x + 14; possible dimensions: (3x +4) and (2x + 3)

22. The area of a square is expressed by the polynomial 9x2 + 12x + 4. What is the perimeter of
this square?

12x + 8

The volume of a right rectangular prism is expressed by V(x) = 3 + 2x2 — x — 2. What could
the dimensions of the prism be?

(x+1),(x-1)and (x + 2)

» The total area of a cube is expressed by A(x) = 242 + 24x + 6. What is the volume of this
cube?

8x3 + 12x2 + 6x + 1

= The volume of a right rectangular prism is expressed by V{x) = x° + 4x2 4+ x — 6. If (x - 3)
represents the height of the prism, find two binomials that could express the dimensions of
the prism’s base.

(x +2)and (x- 1)

26. A sum of two cubes and a difference of two cubes can be factored.
a} Show that
1. a3 4o B (a + b)(az —ab + bZ). Expand the right side.
2. - = (a — b)(a® + ab + b). Expand the right side.
b) Factor
1. 3164  (x+2)x2-2x+4)
2. 8x3—27 (2x - 3)(4x% + 6x + 9)

3. 2743 — 83/3 (3x - 2y)(9x2 + 6xy + 4y?)
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